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Abstract:    The dynamics of hydraulic systems are highly nonlinear and the system may be subjected to non-smooth and 
discontinuous nonlinearities due to directional change of valve opening, friction, etc. Aside from the nonlinear nature of 
hydraulic dynamics, hydraulic servo systems also have large extent of model uncertainties. To address these challenging 
issues, a robust state-feedback controller is designed by employing backstepping design technique such that the system 
output tracks a given signal arbitrarily well, and all signals in the closed-loop system remain bounded. Moreover, a relevant 
disturbance attenuation inequality is satisfied by the closed-loop signals. Compared with previously proposed robust con-
trollers, this paper’s robust controller based on backstepping recursive design method is easier to design, and is more suitable 
for implementation. 
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INTRODUCTION 
 

Electro hydraulic servo systems (EHSS) have 
been used in industry in a wide number of applica-
tions due to their small size-to-power ratio and the 
ability to apply very large force and torque. How-
ever, the dynamics of hydraulic systems are highly 
nonlinear (Merritt, 1967), the system may be sub-
jected to non-smooth and discontinuous nonlin-
earities due to control input saturation, directional 
change of valve opening, friction, and valve overlap. 
Aside from the nonlinear nature of hydraulic dy-
namics, EHSS also have large extent of model un-
certainties, such as the external disturbances and 
leakage that cannot be modeled exactly; and the 
nonlinear functions that describe them may not be 
known. Thus, nonlinear robust control techniques, 
which can deliver high performance in spite of the 
uncertainties of the system, are essential for suc-
cessful operation of high-performance hydraulic 
systems (Plummer and Vaughan, 1996; Tsao and 

Tomizuka, 1994; Vossoughi and Donath, 1995). 
During the last decade, backstepping based 

design have emerged as powerful tools for stabi-
lizing nonlinear systems for tracking and regulation 
purposes (Krstic et al., 1995). The key idea of 
backstepping is very simple. At every step of 
backstepping, a new Control Lyapunov Function 
(CLF) is constructed by augmentation of the CLF 
from the previous step by a term, which penalizes 
the error between a state variable and its desired 
value (Isidori, 1995; Kokotavic and Murat, 2001). 
A major advantage of backstepping is the con-
struction of a Lyapunov function whose derivative 
can be made negative definite by a variety of con-
trol laws rather that by a specific control law. The 
systematic construction of a Lyapunov function for 
the closed loop allows analysis of its stability 
properties (Lin and Shen, 1999).  

In this paper, we propose a simple backstep-
ping-based robust scheme for an EHSS such that 
the system output tracks a given signal arbitrarily 
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well, and all signals in the closed-loop system re-
main bounded. Moreover, a relevant disturbance 
attenuation inequality is satisfied by the 
closed-loop signals.  

The paper is organized as follows. In Section 2 
the dynamic equations of the system under study 
are presented. The nonlinear controllers are de-
veloped in Section 3. In Section 4 simulation results 
are discussed and finally conclusions are drawn in 
Section 5. 
 
 
SYSTEM DYNAMICS 
 

The differential equations governing the dy-
namics of the hydraulic actuator in Fig.1 are given 
in (Merritt, 1967). 
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where S is the ram area of cylinder, Vt is the total 
volume of the cylinder and the hoses between the 
cylinder and servovalve, PL=P1−P2 is the load 
pressure, βe is the effective bulk modulus, Ctm is the 
coefficient of the total internal leakage of the cyl-
inder due to pressure, and QL is the load flow. QL is 
related to the spool valve displacement of the servo 
valve, xv, repressed by 
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where Cd is the discharge coefficient, ω is the spool 
valve area gradient, and Ps is the supply pressure of 

the fluid, dC C ω ρ= . xv is the response of the 

valve to a command signal u. In particular, the 
system that we have experimented with, the valve 
dynamics can be considered to be a second order 
system (FitzSimons and Palazzolo, 1996): 

 
 2 22v e v e e v ex x x uω ξ ω ω= − − +                     (3) 

 
The dynamics of the inertia load can be de-

scribed by 
 

   L L fP S mx f= +                                        (4) 

 
where m is the total mass of the actuator and the 
load, xL represents the displacement, and ff is an 
unknown nonlinear function, which is the combi-
nation of damping friction, viscous friction, the 
external disturbance, etc. Since the extents of un-
certainties can be predicted, we make the following 
practical assumption ( , )f L Lf x x< ∆ . ( , )L Lx x∆  is a 

known positive nonlinear function, which are allow 
grow faster than linear, like 2 2

1 2( , )L L L Lx x x xξ ξ∆ = + , 
where ξ1, ξ2 are positive constants. For ease of 
presentation, it will be assumed that ∆(0,0) = 0, and 
that the derivative of ( , )L Lx x∆  exists and is zero at 
(0,0) (Alleyne and Hedrick, 1995).  

Eqs.(1)−(4) completely described the fifth 
order nonlinear dynamics of the system under study. 
The corresponding state space representation of 
these dynamics follows. By defining 
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CONTROLLER DESIGN 
 

The nonlinear system described by Eq.(5) is in 
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Fig.1  A hydraulic actuator with four-way valve
configuration 
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so-called strict feedback form. This special form 
allows the use of recursive backstepping procedure 
for the controller design (Krstic et al., 1995). The 
method basically provides a recursive framework to 
construct a CLF and corresponding control action 
for the system stabilization (Jiang and Hill, 1999). 
In the rest of this section, this idea is adopted to 
design a nonlinear controller for position tracking 
in a hydraulic servo system. 

Let ei=xi−xid, i=1,2,…,5 and e=x−xd. The de-
sign procedure is beginning with defining the fol-
lowing Lyapunov-like function 
 

          2
1 1 / 2V e=                                           (6) 

 
In the first equation of Eq.(5), if  x2=x2d(x1,x1d) 

were our control, it would be able to seek  x2d(x1,x1d) 
to render the derivative of 1V  negative 
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where  k1 stand for weighting parameters. Now, in 
order to go one step ahead, a new Lyapunov-like 
function V2 is defined as 
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By taking the derivative of Eq.(8) 
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If x3d is chosen as  
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2V  is simplified to  
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The new weighting parameter k2 is also in-

troduced. Let V3 be defined as follows 
 

V3=V2+ 2
3 / 2e                                            (10) 

 
By taking the derivative of V3, one may write 
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where 3dx  exists because of the assumptions on ∆. 
In this step, because function sgn(x4) in discon-
tinuous, the desired x4 is non-differentiable, the 
backstepping cannot be applied here anymore. If we 
made a smooth modification to the function sgn(x4) 
by replacing it with tanh(x4/δ) (δ is a small enough 
positive constant, this modification is reasonable 
because of the leakage of the valve spool) (Yao et 
al., 1998), the backstepping procedure can be 
continued.   

If x4d is chosen as  
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3V  is simplified to  
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Because of the smoothing modification, x4d is 

differentiable. k3 represent new weight parameters.  
Let V4 be defined as follows 
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By taking the derivative of V4, one may write 
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If x5d is chosen as  
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where k4 also represent weight parameters. Let us 
go one step ahead, and let V5 be defined as follows 
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By taking the derivative of V5, one may write 
 

   

5 4 5 5 4 5 5 5

2 2
4 5 4 5 5

2 2 2
1 1 2 2 3 3

2 2
5 4 5 5

( )

( 2 )

( 2 )

d

e e e e d

e e e e d

V V e e V e x x

V e x x u x

k e k e k e

e x x u x

ω ξ ω ω

ω ξ ω ω

= + = + −

= + − − + −

≤ − − −

+ − − + −

 

 
If u is chosen as  
 

2
5 4 5 5 5

1 ( 2 )d e e e
e

u x x x k eω ξ ω
ω

= + + −       (15) 

then  
2 2 2 2 2

5 1 1 2 2 3 3 4 4 5 5 0V k e k e k e k e k e≤ − − − − − ≤  
 

Note that Eq.(12) is a Lyapunov function for 
the system defined by Eq.(5);  and that the  control  

 
 
 
 
 
 
 
 
 
 
 
 
 

law given by Eqs.(7), (9), (11), (15) renders its 
derivative negative semidefinite. It is easy to show 
that e=0 is the largest invariant set in 

5{ | ( ) 0}E e V e= ∈Ω = . So, using LaSalle’s princi-
ple, the tracking errors which include position and 
velocity tracking errors, converge to zero asymp-
totically (Re and Isidori, 1995). 
 
 
SIMULATION RESULTS 
 

The results of simulations are presented in this 
section. The following were the system parameters 
used for simulation: m=3.3 kg, s=0.002 m2, Ctm=0.1, 
Ps=21 Mpa, βe=700 Mpa, δ=0.002, C=1.5×10−4, ff 
=0.1x2−5x1sgn(x1), V=0.001 m3, 2 2

1 210 0.3x x∆ = + , 

k1=20, k2=100, k3=1000, k4=1000, k5=800, ξe=0.6, 
ωe=255 rad/sec. 

Figs.2, 3, 4 and 5 present the tracking behavior 
of the actuator controlled by the nonlinear con-
troller that we developed in the previous section. 

 
 

CONCLUSON 
 

This paper dealt with the nonlinear control of 
an EHSS consisting of an electrohydraulic servo 
valve and a hydraulic cylinder. We proposed a 
robust nonlinear controller for this nonlinear sys-
tem via backstepping approach. The simulation 
result proved that the desired control objective was 
accomplished with very fast convergence of the 
control signal to its nominal value. 

 
 

 
 
 
 
 
 
 
 
 
 
 

Fig.2  Simulation result of system obtained by using
0.1sin(2πt) as reference input 

 
Fig.3 Tracking error of system obtained by using
0.1sin(2πt) as reference input 
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Fig.4  Simulation result of system obtained by using a
step as reference input 

 
Fig.5 Simulation result of system obtained by using a
step as reference input  


